Introduction− Laguna Cartagena (LC), a wetland in Lajas, Puerto Rico, has been negatively impacted by nutrients, mainly phosphorus run-off from agricultural activities until the end of sugar cane cultivation in the late 1900s. This led to P concentration remain high at hypereutrophic state that was irremediable even after a 5-fold reduction in source water nutrient concentration. Objective− The main goal of this research paper is to apply two different mathematical approaches to assess the eutrophication level of a wetland in Puerto Rico. Methodology− Grey Cluster Method (GCM) was used to classify LC's eutrophic state by applying the International and Chinese trophic standards and two parameters, Total Phosphorous (TP) and Total Nitrogen (TN). Mean TP and TN from LC consolidated bottom substrate and flocculence samples were used to classify LC. To address whether LC can recover, soluble reactive phosphorus (SRP) and TP from LC inlet, outlet, and center water samples were used to model (differential equation) the input and loss of phosphorus in LC and determine whether an equilibrium point exists. GCM analysis classified LC as a eutrophic wetland using the International standard and hypereutrophic using the chinese standard. Results− Trophic state classification did not vary with use of consolidated bottom substrate versus flocculence samples. The differential equation model showed that SRP and TP levels within LC were higher than levels of SRP and TP entering LC, which could be caused by a nutrient recycling process within LC that may predict failure of remediation efforts. An equilibrium point was found at the eutrophic level, which means that even if there is a reduction in phosphorus input, there will not be a change in LC's eutrophic state. Conclusions− Chinese trophic standard indicated LC was in a hypertrophic state. Similar results were found using the international standard. The differential equation model showed that LC is irreversible. Keywords− Phosphorus dynamics; total phosphorus; soluble reactive phosphorus; total nitrogen; equilibrium point; eutrophication; hypereutrophication; grey cluster method.
I. IntroductIon
Addition of nutrients is a major threat to wetland ecosystems. Nutrients, such as phosphorus (P) and nitrogen (N), are most commonly added to these aquatic ecosystems through agricultural activities or soil erosion with run-off of fertilizers; but domestic effluent can impact the aqueous environment too [1] - [3] . By 2030, it is estimated that fertilizers use could exceed 135 million metric tons [4] .
A high concentration of nutrients; primarily nitrogen (N) and/or phosphorus (P), in aquatic habitats, leads to an increase in plant production and algae bloom due to their role as the primary limiting nutrients in freshwater ecosystems [3] , [5] - [7] . The vegetation eventually dies and decomposes resulting in depletion of oxygen in the water which affects fish, shellfish and all species that need oxygen dissolved in water to survive. High decomposition rates affect the biogeochemical cycle of P and N, and increases water turbidity, color, and odor resulting in increased water quality problems [7] - [9] . Because of this, eutrophication affects not only wetland wildlife but also human populations that rely on these ecosystems [10] .
Eutrophication is a very complicated process not only because of the effect of nutrient interaction within the water but also because of a nutrient´s interrelated inputs into a wetland, the external input, and the nutrient recycling effects. Nutrients, after entering the wetland, can be trapped in the sediment (consolidated sediment and flocculent sediment lying overtop of the more consolidated sediment below) or accumulate in the biota, and later be released, causing an internal load of nutrients (known as internal recycling) [11] - [14] . Nutrient recycling contributes to an increase in productivity in aquatic ecosystems [15] , [3] . It is important to mention that the longevity of internal loading will depend on the flushing rate, loading history, and chemical characteristics of the sediment [16] , [12] , [17] , [14] , [18] . Some lakes respond relatively fast to a reduction in the external phosphorus load, while in other cases, the chemical resistance that follows the reduction in nutrient input can take 10 or more years [19] . For example, in high trophic lakes, the release of phosphorus from soils can release phosphate to the water column similar to external sources [20] , even after the reduction of external loads [21] , [16] , [12] , [14] . The total phosphorus concentration (TP) of eutrophic and hypereutrophic lakes are between 30 to 100 µg/L (ppb) and > 100 µg/L (ppb), respectively [15] . Total phosphorus (TP) is the combination of soluble reactive phosphorus (SRP or orthophosphate), hydrolyzable and organic phosphorus. Soluble reactive phosphorus is the only form of P that autotrophs can assimilate [5] . Retention of nutrients within wetlands can be due to biological, chemical and physical processes, as well as the nutrient make-up and other wetland characteristics [22] . For example, nitrogen can be retained within an aquatic ecosystem by uptake by vegetation and due to dissimilatory nitrate reduction to ammonium (DNRA, NO3¯ to NH4 + ) when particulate matter (inorganic and organic nitrogen) becomes storage into the sediment [23] - [26] , [15] . Total nitrogen (TN) is the combination of organic nitrogen (proteins and nucleic acids) and ammonium. In contrast, retention of phosphorus includes processes such as assimilation, phosphorus association with several elements forms complexes that act to limit the return of P to the water column, phosphorus lithification, and exchange processes between soil/sediment and the water column [21] , [22] , [19] .
This cycle of retention and release of nutrients can prevent or affect the efficiency of restoration measures, and for that reason, the study of this phenomenon has become crucial in water resources management field [27] . To assess eutrophication, a methodology to classify wetlands by level of eutrophication is needed as current systems use nutrient-specific indexes without consideration of nutrient interactions. The ecosystem of Laguna Cartagena (LC) is a freshwater wetland suffered severe cultural eutrophication during the latter half of the 20 th Century. Since all nutrients and their interactions affect the composition of a wetland, an index that considers phosphorus and nitrogen, the major limiting nutrients in freshwater aquatic ecosystems, will provide a better classification system [28] - [30] , [5] , [9] , [15] . We sought to develop an index using these two nutrients which considers the interaction between them as they are both involved in several processes including photosynthesis, protein formation, and symbiotic nitrogen fixation.
In addition, to assessing the eutrophication state, understanding how the input, output, and recycling of nutrients correlate with the eutrophic state is critical to restoration efforts. Because phosphorus is the most studied nutrient involved in eutrophication, we choose to study the movement dynamics of phosphorus, that is, the amount entering, passing through, and leaving an aquatic ecosystem, and how those movements affect the eutrophic state. Due to the complex ecological response to nutrient movement dynamics, our model is given by a differential equation that considers the phosphorus concentration in the water column, the rate of phosphorus entry and loss from water, the maximum rate of recycling of phosphorus, and the phosphorus concentration at which recycling is half the maximum rate to explain the effect of phosphorus movement dynamics within LC on its eutrophic state. Two functions were obtained using this method: one to explain phosphorus entry and the other to explain the loss of phosphorus. We analyze these two functions to determine if a loss of phosphorus is less or greater than, or equal to phosphorus input; and if the phosphorus concentration can be controlled by reducing the amount of phosphorus entering the ecosystem. We used this method to evaluate if eutrophication in LC can be reversed, and if possible, at what phosphorus concentration.
II. MaterIals and Methods
Data for this study was obtained from the published literature [31] . In brief, LC which is located in Lajas, Puerto Rico (lat 18°01 ' N, long 67°06 ' W), was once a large freshwater wetland habitat of individual nesting, resident and migratory waterbirds. Over the last 65 years, it has decreased in area and become hypertrophic due to unnaturally high nutrient loading from neighboring agricultural activities. Even with a decrease in soluble reactive phosphorus (SRP) concentration in the source water from 1500 µg/L to 50-300 µg/L it has not been able to recover [31] .
A. Terminology
Classification of wetlands according to its productivity can vary according to the environmental standards used by countries or regions. Those differences can be very subtle. For example, differences in chlorophyll levels are set at 1.0 mg/L in oligotrophic lakes to 2.0 mg/L in lower mesotrophic in some systems [32] , and 1.7 mg/L and 4.7 mg/L, respectively in others [15] . Categories used to classify wetlands according to productivity are described below:
Oligotrophic state. Oligotrophic lakes are characterized by a low concentration of nutrients, low algae biomass, low rates of decomposition, high clarity, and abundant hypolimnetic oxygen [15] , [33] . Their deep photic zones may support cold-water fisheries [34] , [35] . Oligotrophic lakes are usually stable because the internal load of phosphorus is low [3] .
Eutrophic state. Eutrophic lakes are characterized by a high concentration of nutrients causing high fertility in terms of algae biomass. External supply of nutrients to aquatic ecosystems includes groundwater, rainfall, and atmospheric input, also known as point sources [36] and/or from urban and agricultural runoff, industrial sewage also known as nonpoint sources (EPA). Finally, nutrients can come from internal loading, through recycling from sediments [3] .
Mesotrophic state. Mesotrophic lakes are characterized by a moderate concentration of nutrients and an intermediate level of productivity in terms of their algae biomass [36] .
Classification of eutrophic lakes according to their response to phosphorus input reduction. In 1999, Carpenter, Ludwing and Brock developed a classification for eutrophic lakes based on their response to a reduction in phosphorus input. The categories are reversible, hysteretic, and irreversible. An eutrophic lake can be considered reversible if it presents an immediate recovery in trophic state, proportional to the reduction of phosphorus input into the lake [35] . A eutrophic lake can be considered hysteretic if it requires an extreme reduction in phosphorus input for a specific period to recover [35] . A eutrophic lake can be considered irreversible if recovery is not possible by reducing phosphorus input [35] .
B. Parameters
To assess the eutrophic level of LC, Grey Clustering Method (GCM) with two trophic standards was used. The two trophic standards are: The International standard [15] and the Chinese standard [32] . The International standard uses three categories for classifying trophic states: oligotrophic, mesotrophic, and eutrophic (Table 1) . The Chinese standard uses six categories: oligotrophic, lower mesotrophic, mesotrophic, upper mesotrophic, eutrophic, and hypereutrophic (Table  2) . To analyze the dynamics of phosphorus within LC, the model from Carpenter, Ludwing and Brock [35] was adapted and used. Source: Zhou and Xu [32] .
Total phosphorus (TP) was measured after Persulfate Digestion of unfiltered samples, followed by colorimetric SRP analysis (or Ascorbic Acid Method). Persulfate Digestion include the acid hydrolysis or oxidative digestion of the organic and hydrolyzable phosphorus [37] which liberates organic phosphorus as inorganic phosphate.
Soluble inorganic phosphate was measured as orthophosphate or soluble reactive phosphorus (SRP) concentrations in water samples using the Ascorbic Acid Method, which is a molybdate blue colorimetric method using a UV-VIS spectrophotometer (Thermo Fisher Scientific, Genesys 20) to measure sample absorption at 880 nm. By the Ascorbic Acid Method, the sample containing phosphorus is treated with a combined reagent of sulfuric acid, antimony potassium tartrate, ammonium molybdate and ascorbic acid [37] .
All reagents used were ACS certified with an analytical grade. The brand of the ascorbic acid, sodium hydroxide (pellets) and potassium persulfate anhydrous used was Thermo Fisher Scientific. The brand of antimony potassium tartrate and ammonium molybdate used was Sigma-Aldrich and for the sulfuric acid used was Spectrum Chemical [31] .
Nitrogen is present in natural waters as nitrate (NO3¯), nitrite (NO2¯), ammonia (NH3) and organically bound nitrogen. To determine nitrite, it was used a Hanna Instruments kit; HI 764 Nitrite Ultra Low Range, applying he EPA Diazotization method 354.1 [38] . Diazotization is a colorimetric method, in which the nitrite is determined through formation of a reddish-purple azo dye produced at pH 2.0 to 2.5 by coupling diazotized sulfanilamide with N-(1-naphthyl)-ethyl-enediamine dihydrochloride (NED dihydrochloride) [37] .
To determine nitrate, it was used a Hanna Instruments kit; HI 93728 Nitrate Ion Specific Meter and Cadmium Reduction Method 353.2 [39] . The NO3¯ is reduced almost quantitatively to nitrite (NO2¯) in the presence of cadmium (Cd). This method uses commercially available Cd granules treated with copper sulfate (CuSO4) and packed in a glass column [37] . The NO2¯ produced thus is determined by EPA Diazotization method 354.1 [38] .
To determine ammonium, it was used he Hanna Instruments kit; HI 3824 Ammonia Test kit. The ammonia is determined by a colorimetric method. The Nessler reagent reacts with ammonia, under strong alkaline conditions, to form a yellow colored complex. An addition of an EDTA (Ethylenediaminetetraacetic acid) solution inhibits precipitation of calcium and magnesium ions [31] .
Estimates of TP and TN were used to assess eutrophication, while TP and SRP were used to study the dynamics of phosphorus. All parameters were measured in milligram (mg) per liter (L). Data analysis and development of algorithms was done using Matlab.
C. Data
In Table 3 , the average TP and TN by sample site and type of sample within LC is presented. Values represent the most current data according to the published literature. Table 4 and Table 5 show the estimation values for parameters of the model proposed, using real data from LC. Data in Table 4 will remain constant through the model, while Table 5 shows the values of SRP and TP entering to LC. Data in Tables 4 and  5 was used altogether to run simulations. 
D. Grey System
Grey system theory (GST) was developed in 1982 to study systems where available information is insufficient and/or there is a great deal of uncertainty in the data [40] - [42] . GST has been used in numerous areas of research including agricultural, economics, geology, ecology [43] , and environmental research [43] - [46] . GST takes complete known (white) and unknown information (black) about a specific phenomenon, and finds a solution in levels of grey. Grey clustering method (GCM) is a method based on the assumption that there are n-cluster objects, with m-cluster indexes that characterize them; and that there are s-different categories where they should be classified. Data for objects are presented in a matrix X with dimension m × n, where xji is the j-th parameter value for the i-th object of data matrix, for j = 1, …, m and i = 1, …, n. A matrix with standards by category is used and it is known as Λ; this matrix has a dimension of m × s, and its elements are λjk, where k = 1, … s.
Algorithm for grey clustering method consists of five steps to classify object(s) into categories or groups. Steps consist of: 1) taking out the dimension of datasets (matrix of data and parameters); 2) using the whitenization weight function (WWF) to prepare data to be classified; 3) calculating the matrix weights; 4) calculating the clustering vector; and finally, 5) determining the Grey Score (GS), also referred as incidence degree value. The WWF is a function that uses known data to prepare incomplete data to be classified into categories.
GCM has two main goals: to assign each object into one category and determine the order of the relationship when two or more objects are classified in the same category. Steps are described as follows:
1. Change dimensional data into non-dimension data, for datasets of objects and trophic state standards. To do this, the average standard value method was used which consists of calculating the average of each parameter in the matrix of standards Λ = (λjk) and then dividing each component of Λ and of the matrix of data X = (xji) by this average, now named "Correction Factor" (CF ). The correction factor consists of
s
• for each j, where j = 1, …, m and s = total of cluster for classification. Then, CFj will be applied to matrices Λ and X. Transforming Λ matrix
CFj
• for each j, where j = 1… m and transforming X matrix
• for each j, where j = 1, …, m.
2. Apply the whitenization weight function fjk, where fjk is the function applied to the j-th index or parameter attributed to the k-th grey classification. Whitenization weight function (WWF) of the k-th pollutant to the -th classification is denoted as fjk (xij). When the eutrophication level increase if the measure of parameter increase, WWF is defined as follow:
λjk -λj(k-1)
3. Calculation of ηjk, matrix of cluster weight, where j-th is the index attributed to the k-th grey classification. Suppose that λjk is the threshold of k subclass (category) of j index (parameter), then ηjk calculation is as follow: 
Calculation of clustering vector σik. Clustering
vector is defined as:
• where i = 1, ..., n and k = 1, ..., s.
5.
Determinate the incidence degree value to classify objects in grey classes. Incidence degree value is given by σik* = 1≤k≤s{σik}, and this value represents the allocation of object i to the grey class k * .
Ordering objects within a category using GCM. The final stage of GCM algorithm provides the incidence degree value or Grey Score (GS) for each object. Two scenarios can happen: first, all objects are classified in different categories, or second, two or more elements are classified at same category.
max
In the second scenario, GS also provides the order relationship among the elements classified in same cluster. Ordering is provided in an ascending numeric scale within a specific category from lessto-more, e.g. less mesotrophic to more mesotrophic.
F. Differential Equation Model
To obtain the model, the principle of mass conservation is used. One of the fundamental laws of physics states that mass can neither be produced nor destroyed, that is, mass is conserved. Here is the amount of phosphorus inside the system, then dp/dt is the phosphorus accumulation rate and by the principle of mass conservation we have which is the equation for mass balance [47] . The model, which was first analyzed by Carpenter, Ludwing and Brock [35] , is given by the differential equation dp
where p is the amount of phosphorus (mass or concentration) in water, L is the rate of phosphorus input (mass or concentration), sp is the rate of phosphorus loss per unit time (time -1 ), r is the maximum rate of recycling phosphorus, mass or concentration per unit time (time-1) and m is the mass or concentration of phosphorus at which recycling reaches half of maximum rate.
In equation (10) there is two important terms: recycling rate and loss of phosphorus. Recycling rate is the last term in equation and according limnologic studies, it behaves as a sigmoid function which shape will vary according to values of q Values of q can range from 2 for a deep cold rate, to 20 for a shallow warm lake [48] . Larger values of q give a steeper curve. r represents the maximum rate of phosphorus recycling. Finally, m is the concentration of phosphorus at which recycling reached is half its maximum rate.
The differential equation model contains the terms L, s, r and m that were estimated based first on SRP, and then on TP. This nomenclature is used for the purpose of having just a system of equations that provides answers for both TP and SRP.
Equilibrium points of our equation can be found when the linear term that represents losses of phosphorus (11) intersects with the curve that represents the input of phosphorus in the aquatic ecosystem (12) . This interaction is represented in Figure  1 [35] . Fig. 1 . Lake Eutrophication Model. Represents the rate of flux of phosphorus versus the mass of phosphorus in water. The straight line is given by equation (11), while the sigmoid curve is given by equation (12) . Intersection points are the steady states. Open circles represent an unstable steady state while the shaded circles denote stable steady states.
Source: Carpenter [35] .
Theoretically, a lake can have alternative states of oligotrophy or eutrophy, depending on values that parameters take. Hence, there can be up to three equilibrium points. The first type of equilibrium point is one in which the amount of phosphorus that enters the wetland (L) is small, and it is an oligotrophic equilibrium point. If L is a large value, then the intersection between curves (11) and (12) will be an eutrophic equilibrium point. The third type of equilibrium point is one in which L is an intermediate value and it is an unstable equilibrium point that separates the domains of attraction of the other two equilibria [48] .
In order to avoid complex calculation when doing the simulations, the model in (10) was rescaled. The process for rescaling was done as follows: first, set p = mx and replace in (10) 
Now, simplifying this equation we obtain
Dividing by m we have
Then, the equilibrium condition is given by the equation
From where it can be said that
Taking r as common factor it is obtained the following equation
Considering that parameters r, s and m are fixed, we set a = L/r and b = ms/r, and we obtain the following equilibrium condition
Finally, the trophic state of the wetland using this model was determined by plotting the curve y = a + x q /(1 + x q ) that represents the input of phosphorus and the line y = bx that represents the loss of phosphorus. Intersection points were calculated in order to determine if the state of the wetland is reversible. These points reflect the amount of phosphorus at which the wetland can be recovered.
G. Simulations
Simulations were run for the simplified model, after estimating the parameters a and b, using the values in Table 4 and Table 5 . Additionally, Table  6 and Table 7 , contain the summary of values used for the simulation for parameters L and a, when using SRP and TP. Table 8 shows the different values that will be used for each parameter to run the simulation for the different sceneries to study. b is a fixed value for the equation of loss of phosphorus. All values of will be used altogether for each q value. Source: Authors. 
III. results and dIscussIon

A. Grey Clustering Method
Two matrices are obtained after using the grey clustering method for classification (Table 9 and  Table 10 ), both contain the incidence degree values (i.e., Grey Score (GS)) for LC using GCM and the International and Chinese Trophic Standard, respectively. The grey score is determined applying the most subjective principle, which states that the highest punctuation within clustering vector gives the corresponding classification for the sample (or wetland, or object to be classified). For example, using the international standard, flocculence samples from all sites were classified as eutrophic, with a grey score of 1 ( Table  9) . Similarly, when using the Chinese standard, flocculence samples for each sampling site within Laguna Cartagena were classified in the category of hypereutrophic, with a grey score of 1 ( Table  10) . A summary of results: GS for each LC site with the classification for both trophic standards are displayed in Table 11 . Fig. 2 , presents data from the simulation model for phosphorus in LC, using SRP. Fig. 3 , presents data from the simulation model for phosphorus in LC, using TP. Analysis for the simulation using q = 19 to q = 15 for SRP and TP are shown in the Appendix.
B. Differential equation model
In Fig. 2 and Fig. 3 , external phosphorus input is plotted three times, simulating the input of phosphorus using the maximum, average and minimum value for SRP (or TP) in LC. In both figures, it can be observed that while the curve that represents the total load of phosphorus (SRP and TP) decreases, the linear function of the loss is always below the phic state at the time of sampling, but that LC can be considered in an irreversible condition, since it is not possible to bring LC into an oligotrophic equilibrium by reducing phosphorus input. If restoration of LC from eutrophic to oligotrophic state is desired, other methods should be used that help control the load of phosphorus within LC itself. Controlling the amount of external phosphorus that enters the system will not be sufficient. This can be done by controlling the recycling process, as well as what happens when phosphorus is released inside LC. One remediation method is to remove the soil from the bottom of the wetland, in order to force a change in its composition [49] . However, this method may also aggravate the problem, at least temporarily, by exposing a layer with a high content of nutrients that can be more readily released into the water column. This occurred when this remediation method was used in LC and lead to an increase in eutrophication [50] .
Lastly, remediation efforts need to consider that in aquatic ecosystems dominated by non-N2-fixing cyanobacteria, it is important to control the input of both P and N to prevent the non-fixing bacteria from consuming phosphorus at the sediment-water interface and migrating to the surface to form blooms [51] - [52] .
GCM is a classification technique widely used today mainly because of the accuracy of its results and the easiness in which the researcher is able to use data. In comparison to other methods, GCM allows for the analysis of a whole set of parameters chosen by researcher at the same time, without minimizing any of them. It also allows us to obtain a reproducible or accurate classification of the object.
GCM has as a main component the use of reference standards, chosen by the researcher, to classify objects into a trophic state. Since standards change between countries or areas, the GS change too, potentially assigning objects into a different category. Change in trophic classification can happen also if a new parameter is included in the analysis (e.g. dissolved oxygen). This allows the researcher to improve the accuracy of their results when they have more and/or new data to analyze.
Finally, the incidence degree value not only allows us to classify a body of water in a trophic state category, but it helps the researcher determine an order to the relationship among all bodies of water classified in the same category. For example, using Chinese trophic standard, all bottom substrate and flocculence samples presented levels of SRP that indicate LC was in a hypertrophic state. The GS obtained, which was one, implied that all the sites had the same phosphorus concentration. Something similar happened when we used the international standard, that is all sample types classified LC in the same category (i.e., eutrophic) and obtained the same GS of 1. Two important conclusions can be drawn: 1.) LC is a wetland that underwent eutrophication and it was in a eutrophic state at the time of sample collection; and 2.) use of more precise trophic standards classified LC as hypereutrophic, a higher level of trophic state. phosphorus input curve (i.e., for any value of SRP or TP). In addition, even when using the minimum SRP value recorded and LC in LC, the function for loss is below of the input function. As the function of loss is always below the function of input, the equilibrium point is eutrophic. From these results, we can infer that reducing the external input of phosphorus into the wetland is not enough to move the state of LC from eutrophic to mesotrophic or oligotrophic. Instead, the equilibrium point (i.e., intersection point between the two functions) is always in the eutrophic region.
IV. conclusIons
Not only did we find that the equilibrium point of LC is always eutrophic regardless of the phosphorus input level, but we demonstrated that this is true when using all values of . If we consider that the most appropriate value for the estimate q for LC is 20 (i.e., typical estimate for warm shallow wetlands like LC) it can be concluded that LC was not only in a eutro-appendIx This appendix includes figures (Fig. 4 to Fig. 15 ), summarizing findings for TP and SRP in Laguna Cartagena using q-parameters values ranging from 15 to 19. In each figure, recycling curves were developed using three phosphorus input values: minimum, maximum and average, and the linear function of the loss of phosphorus was plotted. 
